Here we study dilations of q-commuting tuples. In [BBD] the authors gave the correspondence between the two standard dilations of commuting tuples and here these results have been extended to q-commuting tuples. We are able to do this when q-coefficients 'q ij ' are of modulus one. We introduce 'maximal q-commuting subspace ' of a n-tuple of operators and 'standard q-commuting dilation'. Our main result is that the maximal q-commuting subspace of the standard noncommuting dilation of q-commuting tuple is the 'standard q-commuting dilation'. We also introduce q-commuting Fock space as the maximal q-commuting subspace of full Fock space and give a formula for projection operator onto this space. This formula for projection helps us in working with the completely positive maps arising in our study. The first version of the Main Theorem (Theorem 19) of the paper for normal tuples using some tricky norm estimates and then use it to prove the general version of this theorem.
Introduction
A generalization of contraction operator in multivariate operator theory is a contractive n-tuple which is defined as follows: Definition 1. A n-tuple T = (T 1 , . . . , T n ) of bounded operators on a Hilbert space H such that T 1 T * i with respect to the vacuum expectation and study some properties of the related operator spaces.
For operator tuples (T 1 , . . . , T n ), we need to consider the products of the form T α 1 T α 2 · · · T αm , where each α k ∈ {1, 2, . . . , n}. We would have the following a notation for such products. Let Λ denote the set {1, 2, . . . , n} and Λ m denote the m-fold cartesian product of Λ for m ≥ 1. Given α = (α 1 , . . . , α m ) in Λ m , T α will mean the operator T α 1 T α 2 · · · T αm . LetΛ denote ∪ ∞ n=0 Λ n , where Λ 0 is just the set {0} by convention and by T 0 we would mean the identity operator of the Hilbert space where T i 's are acting.
Let S m denote the group of permutation on m symbols {1, 2, · · · , m}. For a q-commuting tuple T = (T 1 , . . . , T n ), consider the product T x 1 T x 2 ...T xm where 1 ≤ x i ≤ n. If we replace a consecutive pair say T x i T x i+1 of operators in the above product by q x i+1 x i T x i+1 T x i and do finite number of such operations with different choices of consecutive pairs of these operators appearing in the subsequent product of operators after each such operation, we will get a permutation σ ∈ S m such that the final product of operators can be written as kT x σ −1 (1) T x σ −1 (2) ...T x σ −1 (m) for some k ∈ C, i. e., T x 1 T x 2 ...T xm = kT x σ −1 (1) T x σ −1 (2) ...T x σ −1 (m) . For defining q-commuting tuple in definition 2 we needed the known fact that this k depends only on σ and x i , and not on the different choice of above operations that give rise to the same final product of operators T x σ −1 (1) T x σ −1 (2) ...T x σ −1 (m) . It also follows from the Proposition 5 in section 2.
Definition 3. Let H, L be two Hilbert spaces such that H be a closed subspace of L and let T , R are n-tuples of bounded operators on H, L respectively. Then R is called a dilation of T if R * i u = T * i u for all u ∈ H, 1 ≤ i ≤ n. In such a case T is called a piece of R. If T is a q-commuting tuple ( i. e., T j T i = q ij T i T j , for all i, j), then it is called a q-commuting piece of R. A dilation R of T is said to be a minimal dilation if span{R α h : α ∈Λ, h ∈ H} = L. And if R is a tuple of n isometries and is a minimal dilation of T , then it is called the minimal isometric dilation or the standard noncommuting dilation of T .
A presentation of the standard noncommuting dilation taken from [Po1] has been used here to proof the main Theorem. All Hilbert spaces that we consider will be complex and separable. For a subspace H of a Hilbert space, P H will denote the orthogonal projection onto H. Standard noncommuting dilation of n-tuple of bounded operators, is unique upto unitary equivalence (refer ). Extensive study of standard noncommuting dilation was carried out by Popescu. He generalized many one variable results to multivariable case. It is easy to see that if R is a dilation of T then (1.1)
and for any polynomials p, q in n-noncommuting variables p(T )(q(T )) * = P H p(R)(q(R)) * | H .
For a n-tuple R of bounded operators on a Hilbert space M, consider C q (R) = {N : R i leaves N invariant , R * i R * j h = q ij R * j R * i h, ∀h ∈ N , ∀i, j}. It is a complete lattice, in the sense that arbitrary intersections and span closures of arbitrary unions of such spaces are again in this collection. So it has a maximal element and we denote it by M q (R) (or by M q when the tuple under consideration is clear).
Definition 4. Let R be a n-tuple of operators on a Hilbert space M. The q-commuting piece
is called the maximal q-commuting piece of R. The maximal q-commuting piece is said to be trivial if M q (R) is the zero space.
For any Hilbert space K, we have the full Fock space over K denoted by Γ(K) as,
We denote the vacuum vector 1 ⊕ 0 ⊕ · · · by ω. For fixed n ≥ 2, let C n be the n-dimensional complex Euclidian space with usual inner product and Γ(C n ) be the full Fock space over C n . Let {e 1 , . . . , e n } be the standard orthonormal basis of C n . For α ∈Λ, e α will denote the vector e α 1 ⊗ e α 2 ⊗ · · · ⊗ e αm in the full Fock space Γ(C n ) and e 0 will denote the vacuum vector ω. Then the (left) creation operators V i on Γ(C n ) are defined by
where 1 ≤ i ≤ n and x ∈ Γ(C n ) ( here e i ⊗ ω is interpreted as e i ). It is obvious that the tuple V = (V 1 , . . . , V n ) consists of isometries with orthogonal ranges and V i V * i = I − I 0 , where I 0 is the projection on to the vacuum space. Let us define q-commuting Fock space as the subspace (Γ(C n )) q (V ) and let it be denoted by Γ q (C n ). Let S = (S 1 , . . . , S n ) be the tuple of operators on Γ q (C n ) where S i is the compression of V i to Γ q (C n ):
q 0 are identity, projection onto vacuum space respectively in Γ q (C n )). So V and S are contractive tuples, S j S i = q ij S i S j for all 1 ≤ i, j ≤ n, and
The following result gives a description for maximal q-commuting piece.
Proposition 5. Let R = (R 1 , ..., R n ) be a n-tuple of bounded operators on a Hilbert space M,
The above Proposition can be easily proved using arguement similar to the proof of Proposition 4 of [BBD] .
Corollary 6. Suppose R, T are n-tuples of operators on two Hilbert spaces L, M. Then the maximal q-commuting piece of
Proof: Clear from Proposition 6.
Proof: This can be using arguements similar to proof of Proposition 7 of [BBD] .
A q-Commuting Fock Space
For a q-commuting n-tuple T on a finite dimensional Hilbert space H say of dimension m, because of the relation
we get q ij is either 0 or m th -root of unity.
Here after whenever we deal with q-commuting tuples we would have another condition on the tuples that |q ij | = 1 for 1 ≤ i, j ≤ n. However Proposition 5, Proposition 6 and Corollary 7 does not need this assumption. Let T = (T 1 , . . . , T n ) be a q-commuting tuple and consider the product T x 1 T x 2 ...T xm where 1 ≤ x i ≤ n. Let σ ∈ S m . As transpositions of the type
. τ s where for each 1 ≤ i ≤ s there exist k i such that 1 ≤ k i ≤ m − 1 and τ i is a transposition of the form (k i , k i + 1). Let σ i = τ i+1 τ i . . . τ s for 1 ≤ i ≤ s −1 andσ s be the identity permutation. Let us define y i = xσ i (k i ) and z i = xσ i (k i +1) . If we substitute T ys T zs by q zsys T zs T ys corresponding to τ s , substitute T y s−1 T z s−1 by q z s−1 y s−1 T z s−1 T y s−1 corresponding to τ s−1 , and so on till we substitute the corresponding term for τ 1 , we would get q
. . , T n ) be a q-commuting tuple and consider the product T x 1 T x 2 ...T xm where 1 ≤ x i ≤ n. Suppose σ ∈ S m and q σ (x) be as defined above. Then
where product is over
there are odd number of transpositions τ r for 1 ≤ r ≤ m such that they interchange the positions of i ′ and k ′ in the image ofσ r when we consider the composition τ rσr . And for 1 ≤ i < k ≤ m if i ′ < k ′ then there are even number of transpositions τ r for 1 ≤ r ≤ m such that they interchange the positions of i ′ and k ′ in the image ofσ r when we consider the composition τ rσr . For the first transposition in τ r that interchanges i ′ and k ′ , the corresponding factor in q σ (x) say q σ r (x) is q x k ′ x i ′ , for the second transposition that interchanges i ′ and k ′ , the corresponding factor is q x i ′ x k ′ , for the third transposition that interchanges i ′ and k ′ , the corresponding factor is q x k ′ x i ′ , and so on. But (q
Following similar arguements it is easy to see that if there exist σ ∈ S m such that (
on the standard basis vectors and extended linearly on ( 
where the products are over
in the last term we get
The last equality holds as
σ −1 for σ ∈ S m , when acting on the basis elements of the (C n ) ⊗ m , and hence is true for all elements (C n )
where
also to denote a operator in Γ(C n ) which acts as U m,q σ on (C n ) ⊗ m and I on the orthogonal, we get a representation of S m on B(Γ(C n )). In the next Lemma and Proposition we derive a formula for the projection operator onto the q-commuting Fock space.
Proof: First we see that
.., i p }, and let A k be the set of all σ ∈ S m such that σ
′ where τ is the transposition (1, i k ) and a permutation σ ′ for which (σ ′ )
−1 keeps 1 fixed and permutes rest of the m − 1 symbols. As V i are isometries with orthogonal ranges,
where a k (x) are constants andê xp denotes the term e
. Using these and the results of Lemma 9 we have the following. Taking
To show maximality we make use of Proposition 6. Suppose x ∈ Γ(C n ) and
For m ≥ 2 and any permutation σ of {1, 2, . . . , m} we need to show that the unitary U m,q σ
Since S m is generated by the set of transpositions {(1, 2), . . . , (m − 1, m)} it is enough to verify U m,q σ (x m ) = x m for permutations σ of the form (i, i + 1). So fix m and i with m ≥ 2 and 1 ≤ i ≤ (m − 1). We have
where the sum is over α ∈ Λ i−1 , β ∈ Λ m−i−1 and 1 ≤ s, t ≤ n, and a(s, t, α, β) are constants,then for fixed α and β it follows from equation (2.
This clearly implies Um, q σ (x m ) = x m , for σ = (i, i + 1). Let P be the vector space of all polynomials in q-commuting variables z 1 , . . . , z n that is z j z i = q ij z i z j . Any multi-index k is a ordered n-tuple of non-negative integers (k 1 , . . . , k n ). We shall write k 1 + . . . + k n as |k|. The special multi-index which has 0 in all positions except the i th one, where it has 1, is denoted by e i . For any non-zero multi-index k the monomial z k 1 1 . . . z kn n will be denoted by z k and for the multi-index k = (0, . . . , 0), let z k be the complex number 1. Let us have the following inner product with it. Declare z k and z l orthogonal if k is not the same as l as ordered multi-indices. Let
Note that the following inner-product is also refered in [BB] in Definition (1.1) in general case. Now define H ′ to be the closure of P with respect to this inner product. Define a tuple
. . , z n ) and S i is linearly extended to H ′ . In the case of our standard q-commuting n-tuple S of operators
n and when k = (0, . . . , 0) let S k = 1. Using (2.2) and the fact that V i 's are isometries with orthogonal ranges for k = (k 1 , . . . , k n ), |k| = m we get
If we denote V k ω by e x 1 ⊗ · · · ⊗ e xm , 1 ≤ x i ≤ n, then to get the last term of the above equation we used the fact that there are k 1 ! · · · k n ! permutations σ ∈ S m such that e x 1 ⊗ · · · ⊗ e xm = e x σ −1 (1) ⊗ · · · ⊗ e x σ −1 (m) . Next we show that the above tuples S ′ and S are unitarily equivalent.
Proposition 12. Let S ′ = (S ′ 1 , . . . , S ′ n ) be the operator tuples on H ′ as introduced above and let S = (S 1 , . . . , S n ) be the standard q-commuting tuple of operators on Γ q (C n ). Then there exist unitary U :
So we can extend it linearly to H ′ and U is a unitary.
i. e., US
For any complex number z, the z-commutator of two operators A, B is defined as:
The following Lemma holds for S as S ′ and S are unitarily equivalent and the same properties have been proved for S ′ in [BB] .
Lemma 13.
(1) Each monomial S k ω is an eigenvector for S * i S i − I, so that it is a diagonal operator on the standard basis. In fact,
gives the representation of S m on Γ(C n ). It is easy to see that for all q = (q ij ) n×n , |q ij | = 1, the representations are isomorphic or similar by checking the characters of the representaions. They have same characters. But for the representations of permuation groups it follows that they are unitarily equivalent representations. So there exist unitary
This W q is not unique as for k ∈ C such that |k| = 1, the operator kW q is also a unitary which satisfy equation (2.4). We will give one such W q explicitely.
where x = (x 1 , · · · , x m ) is the tuple got by rearranging (y 1 , · · · , y m ) in nondecreasing order and σ ∈ S m such that y i = x σ(i) . From Proposition 8 its clear that q σ −1 (x) does not depend upon the choice of σ. And
gives the required unitary which satisfy equation (2.4)(here W 0,q = I). Also note that for Γ q (C n ) and Γ q ′ (C n ) we have unitary
Dilation of q-Commuting Tuples and the Main Theorem
Definition 14. Let T = (T 1 , . . . , T n ) be a contractive tuple on a Hilbert space H. The operator
2 is called the defect operator of T and the subspace ∆ T (H) is called the defect space of T . The tuple T is said to be pure if α∈Λ m T α (T α ) * converges to zero in strong operator topology as m tends to infinity.
When
T i T * i = I, we have α∈Λ m T α (T α ) * = I for all m and hence T is not pure. Let T be a pure contractive tuple on H. TakeH = Γ(C n ) ⊗ ∆ T (H), and define an operator A : H →H by
where the sum is taken over all α ∈Λ (this operator was used by Popescu and Arveson in [Po3] , [Po4] , [Ar2] and for q-commuting case by Bhat and Bhattacharyya in [BB] ). A is an isometry and we have T α = A * (V α ⊗ I)A for all α ∈Λ (see [Po4] ). Also the tupleṼ = (V 1 ⊗ I, . . . , V n ⊗ I) of operators onH is a realization of the minimal noncommuting dilation of T .
Let C * (V ), and C * (S) be unital C * -algebras generated by tuples V and S (defined in the Introduction) on Fock spaces Γ(C n ) and Γ q (C n ) respectively. For any α, β ∈Λ,
is the rank one operator x → e β , x e α , formed by basis vectors e α , e β and so C * (V ) contains all compact operators. Similarly we see that C * (S) also contains all compact operators of Γ q (C n ). As V * i V j = δ ij I, it is easy to see that C * (V ) = span {V α (V β ) * : α, β ∈Λ}. As q ij -commutators [S * i , S j ] q ij are compact for all i, j, we can also get C * (S) = span {S α (S β ) * : α, β ∈Λ}. Consider a contractive tuple T on a Hilbert space H. For 0 < r < 1 the tuple rT = (rT 1 , . . . , rT n ) is clearly a pure contraction. So by equation (2.4) we have an isometry
where ∆ r = (I − r
. So for every 0 < r < 1 we have a completely positive map ψ r :
. By taking limit as r increases to 1 (See for details), we get a unital completely positive map ψ from C * (V ) to B(H) (Popescu's Poisson transform) satisfying
As C * (V ) = span {V α (V β ) * : α, β ∈Λ}, ψ is the unique such completely positive map. Let the minimal Stinespring dilation of ψ be unital * -homomorphism π : C * (V ) → B(H) whereH is a a Hilbert space containing H, and
and span {π(X)h : X ∈ C * (V ), h ∈ H} =H. LetṼ = (Ṽ 1 , . . . ,Ṽ n ) whereṼ i = π(V i ) and soṼ is the unique standard noncommuting dilation of T and clearly(V i ) * leaves H invariant. If T is q-commuting, by considering C * (S) instead of C * (V ), and restricting A r in the range to Γ q (C n ), and taking limits as r increases to 1 as before we would get the unique unital completely positive map φ : C * (S) → B(H), (also see [BB] ) satisfying
Definition 15. Let T be a q-commuting tuple. Then we have a unique unital completely positive map φ : C * (S) → B(H) satisfying equation (3.2). Consider the minimal Stinespring dilation of φ. Here we have a Hilbert space H 1 containing H and a unital * -homomorphism π 1 :
and span {π 1 (X)h : X ∈ C * (S), h ∈ H} = H 1 . LetS i = π 1 (S i ) andS = (S 1 , . . . ,S n ). ThenS is called the standard q-commuting dilation of T .
Standard q-commuting dilation is also unique up to unitary equivalence as minimal Stinespring dilation is unique up to unitary equivalence.
commuting tuple on a Hilbert Space H and let A be the operator introduced in Equation (3.1). Then there exist a Hilbert space
where the sum is over α ∈Λ. For a given k = (k 1 , · · · , k n ) such that |k| = m let us denote e k 1 1 ⊗ · · · ⊗ e kn n by e x 1 ⊗ · · · ⊗ e xm , 1 ≤ x m ≤ n in the following calculation.
So the range of A is contained inH q = Γ q (C n )⊗∆ T (H). In other words now H can be considered as a subspace ofH q . Moreover,S = (S 1 ⊗ I, . . . , S n ⊗ I), as a tuple of operators inH q is the standard q-commuting dilation of (T 1 , . . . T n ). More abstractly we can get a Hilbert space K such that H can be isometrically embedded in Γ q (C n ) ⊗ K and (S 1 ⊗ I K , . . . , S n ⊗ I K ) is a dilation of T and span{(S
There is a unique such dilation and up to unitary equivalence and dim (K) = rank (∆ T ).
Theorem 17. Let T be a pure contractive tuple on a Hilbert space H.
(1) Then the maximal q-commuting pieceṼ q of the standard noncommuting dilationṼ of T is a realization of the standard q-commuting dilation of T q if and only if ∆ T (H) = ∆ T (H q (T )). Proof: The proof is similar to the proofs of that of Theorem 10 and Remark 11 of [BBD] . If the ranks of both ∆ T and ∆ T q are infinite then we can not ensure that ∆ T (H) = ∆ T (H q (T )) and hence can not ensure the converse of the last Theorem, as seen by the following example. For any n ≥ 2 consider the Hilbert space H 0 = Γ q (C n ) ⊗ M where M is of infinite dimension and let R = (S 1 ⊗ I, · · · , S n ⊗ I) be a q-commuting pure contractive n-tuple. Infact one can take any R to be any q-commuting pure n-tuple on some Hilbert space H 0 with ∆ R (H 0 ) of infinite dimensional. Suppose P k = (p k ij ) n×n for 1 ≤ k ≤ n are n × n matrices with complex entries such that
And if
So T is a pure contractive tuple, the maximal q-commuting piece of T is R and H q (T ) = H 0 (by Corollary 7). Here rank (
But the converse of Theorem 18 holds when rank of ∆ T is finite.
Consider the case when T is a q-commuting tuple on Hilbert space H satisfying T i T * i = I. As C * (S) contains the ideal of all compact operators by standard C * -algebra theory we have a direct sum decomposition of π 1 as follows. Take H 1 = H 1C ⊕ H 1N where H 1C = span{π 1 (X)h : h ∈ H, X ∈ C * (S) and X is compact} and H 1N is the orthogonal complement of it. Clearly H 1C is a reducing subspace for π 1 . Therefore
is just the identity representation with some multiplicity. Infact H 1C can be written as H 1C = Γ q (C n )⊗∆ T (H) (see Theorem 4.5 of [BB] ) and π 1N (X) = 0 for compact X. But ∆ T (H) = 0 and commutators [S * i , S i ] are compact. So if we take
is a tuple of normal operators. It follows that the standard q-commuting dilation of T is a tuple of normal operators.
Definition 18. A q-commuting n-tuple T = (T 1 , . . . , T n ) of operators on a Hilbert space H is called a q-spherical unitary if each T i is normal and
If H is a finite dimensional Hilbert space and T is a q-commuting tuple on H satisfying T i T * i = I, then T a spherical unitary because each T i would be subnormal and all finite dimensional subnormal operators are normal (see [Ha] ).
Theorem 19. (Main Theorem) Let T is a q-commuting contractive tuple on a Hilbert space H.
Then the maximal q-commuting piece of the standard noncommuting dilation of T is a realization of the standard q-commuting dilation of T .
Proof of the theorem 19: LetS denote the standard q-commuting dilation of T on a Hilbert space H 1 and we follow the notations as in section 2. As S is also a contractive tuple, we have a unique unital completely positive map η :
It is easy to see that ψ = φ • η. Let unital * -homomorphism π 2 : C * (V ) → B(H 2 ) for some Hilbert space H 2 containing H 1 , be the minimal Stinespring dilation of the map π 1 • η :
, and span {π 2 (X)h : X ∈ C * (V ), h ∈ H 1 } = H 2 . We get the following commuting diagram.
where all the down arrows are compression maps, horizontal arrows are unital completely positive maps and diagonal arrows are unital * -homomorphisms.
We would show thatV is the standard noncommuting dilation of T . We have this result if we can show that π 2 is a minimal dilation of ψ = φ • η as minimal Stinespring dilation is unique up to unitary equivalence. For this first we show thatS = (π 1 (S 1 ), . . . , π 1 (S n )) is the maximal q-commuting piece ofV . First we consider a particular case when T is a q-spherical unitary on a Hilbert space H. In this case we would show that standard commuting dilation and the maximal q-commuting piece of the standard noncommuting dilation of T is itself.
We have φ(S
This forces that φ(X) = 0 for any compact operator X in C * (S). Now as the q ij -commutators [S * i , S j ] q ij are all compact we see that φ is a unital * -homomorphism. So the minimal Stinespring dilation of φ is itself and standard commuting dilation of T is itself. Next we would show that the maximal q-commuting piece of the standard noncommuting dilation of T is itself. The presentation of the standard noncommuting dilation which we would use is taken from [Po1] . The dilation spaceH can be decomposed asH = H ⊕ (Γ(C n ) ⊗ D) where D is the closure of the range of operator
and D is the positive square root of
For convenience, at some places we would identify H ⊕ · · · ⊕ H n copies
and the standard noncommuting dilationṼ i
for h ∈ H, d α ∈ D for α ∈Λ, and 1 ≤ i ≤ n (C n ω ⊗ D has been identified with D).
We have
Also by Fuglede-Putnam Theorem ([Ha] [Pu])
Note that q ij q ij = 1, i. e., q ij = q ji . Then we get
Note that h ii = 0 and h ji = −q ij h ij .
As clearly H ⊆H q (V ), lets begin with y ∈ H ⊥ H q (Ṽ ). We wish to show that y = 0. Decompose y as y = 0 ⊕ α∈Λ e α ⊗ y α , with y α ∈ D. We assume y = 0 and arrive at a contradiction. If for some α,
, we can assume y 0 = 1 without loss of generality. Takingỹ m = α∈Λ m e α ⊗ y α , we get y = 0 ⊕ ⊕ m≥0ỹm . D being a projection its range is closed and as y 0 ∈ D, there exist some (h 1 , . . . , h n ) such that
, and for m ≥ 1,
As T is q-commutating n-tuple and D is a projection, we have
So by Proposition 6, y,x 0 +x 1 = 0 . Next let m ≥ 2.
(in the term above, i and j have been interchanged in the last summation) 
Hence by proposition 6, y,x m−1 −x m = 0. Further we compute x m for all m ∈ N. We would now investigate using arguements of theory of operator spaces introduced by Effros and Ruan [ER] . Here we follow the ideas of [BS2] and [HP] . Operator spaces which are Hilbert spaces are called Hilbertian operator spaces. For some Hilbert spaceH and a i ∈ B(H), 1 ≤ i ≤ n define (a 1 , · · · , a n ) max = max( by E n . Let {e ij : 1 ≤ i, j ≤ n} denote the standard basis of M n and δ i = e i1 ⊕ e 1i . Then one has n i=1 a i ⊗ δ i B(H)⊗Mn = (a 1 , · · · , a n ) max .
Theorem 20. The operator space generated by G i , 1 ≤ i ≤ n is completely isomorphic to E n .
Proof: Its enough to show that for a i ∈ B(H), 1 ≤ i ≤ n we have
Let S denote the set of all states on B(H). Now using the fact that ǫ(G i G j ) = ω, S * i S j ω = δ ij we get
Using similar arguements
